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This paper is devoted to direct constrained optimisation of blading systems of large power
and small power turbines so as to increase their internal efficiency. The optimisation is
carried out using hybrid stochastic-deterministic methods such as a combination of a
direct search method of Hooke-Jeeves and simulated annealing or a combination of a bat
algorithm and simplex method of Nelder-Mead. Among free shape parameters are blade
number and stagger angle, stacking blade line parameters and blade section (profile)
parameters.

One practical example of efficiency optimisation of turbine blading systems is modi-
fication of low load profiles PLK-R2 for high pressure (HP) stages of large power steam
turbines. Another optimised geometry is that of an ORC radial-axial cogeneration tur-
bine of 50 kWe. Up to 1% efficiency increase can easily be obtained from optimisation
of HP blade profiles, especially by making the rotor blade more aft-loaded and reducing
the intensity of endwall flows. Almost 2% efficiency rise was obtained for the optimised
50 kWe ORC turbine due to flow improvement at the suction side of the blade.
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1. Introduction

Efficiency of power plants (heat and power plants) is crucial for the profitability
of electric energy production and reduction of emissions to the environment. In
Rankine cycles an increase of energy efficiency can be possible thanks to perfection of
thermodynamic cycle, increasing cycle parameters and increasing internal efficiency
of turbines.
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Currently, supercritical steam units (p0 = 30 MPa and t0 = 610/620◦C) reach
an efficiency of 46% [1]. An increase in live or reheat steam temperature by 20oC
is possible and expected to raise the steam cycle efficiency by 1% point. Also
an increase of turbine efficiency can be obtained eg. via optimisation of turbine
flow passages, including classical optimisation of stator and rotor blade numbers
and stagger angles, optimisation of labyrinth seal geometries to reduce leakage flows
through technological clearances as well as optimisation of blade sections (profiles),
endwalls and blade stacking lines.

Due to a large number of geometry parameters of turbine flow domains and
large costs of flow computations, effective optimisation strategies are required. The
objective function to be optimised assumed in this paper is the total enthalpy loss
of the turbine stage obtained from a RANS solver, whose calculation is the largest
cost during optimisation. Therefore, approximate models to calculate the objective
function such as an artificial neural network trained over a data base of high-fidelity
3D RANS solutions are often used [2]. Direct optimisation methods, especially those
using hybrid stochastic-deterministic algorithms are also effective both for single-
extremum and multimodal objective functions [3]. Equally important in optimisa-
tion tasks from the field of turbine flow systems is knowledge of loss mechanisms
[4], which enables proper selection of optimisation parameters.

In this paper an idea of direct constrained optimisation of turbine flow geometry
is developed. Two stochastic-deterministic optimisation methods are described -
a direct search method of Hooke-Jeeves combined with simulated annealing as well
as a combination of a bat algorithm with simplex method of Nelder-Mead. Two
methods of parametrisation of the blade profile are used – based on a set of circle
arcs and Bezier functions.

In the course of optimisation described in this paper turbine blade profiles and/or
endwall contours are optimised. Change of the blade profile redistributes profile load
and changes the state of boundary layers at the suction surface, thus changes the
distribution of profile loss and gives a chance to reduce it. The redistribution of
profile load also has an effect on redistribution and reduction of endwall/secondary
flow losses. More efficiency gains due to reduction of endwall/secondary flow losses
can be attributed to optimisation of 3D blade stacking lines [5-7].

2. Direct constrained optimisation of turbomachinery blading systems

Optimisation is an iterative procedure that seeks for an extremum of the objective
function:

minxf(y(x), x) or maxxf(y(x), x)

assuming that: y ∈ [ymin;ymax] ; x ∈ [xmin;xmax], where f is an objective func-
tion, y – vector of assumed flow parameters; x – vector of assumed geometrical
parameters. In this work, the objective function is built based on the flow loss co-
efficient, defined as the total enthalpy loss of the turbine stage obtained from CFD
computations with the leaving energy:

f = ξ

Optimisation of blading systems should be conducted as constrained optimisa-
tion. Constraints refer both to geometric parameters which are optimised as well
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as to flow and structure parameters which are not directly optimised so as to assure
that they do not fall beyond the allowed range of variation. The following sample
flow/structure parameters can be considered during optimisation: exit flow angle,
mean reaction, reaction at the root and tip, mass flow rate and stresses in the metal.

Geometric and flow parameters can be constrained in two ways. Stiff constraints
are used with respect to the exit angle, reactions and stresses in the metal, meaning
that the objective function acquires a certain large value if the allowed range of
variation of these parameters is exceeded:

f = ξ – if the parameters fall within the allowed range of variation,
f = ∞ – otherwise or if flow calculations do not converge.

Beside stiff constraints, weak constraints are also used and usually applied to
the mass flow rate (resultant for a flow solver assuming the pressure drop across
the stage as a boundary condition). For this constraint a penalty is assigned to the
objective function if a flow characteristic falls beyond the required interval [G−, G+]
around a design value of flow rate G :

f = ξ – if G− ≤ G ≤ G+

f = ξ +min
[(
G−G±

)2]
/ε – otherwise

where ε is the penalty coefficient, usually prescribed in a way that the objective
function sharply rises to infinity with the increasing distance from the limits of
the assumed range of variation. As the pressure drop during optimisation is kept
constant and the mass flow rate is constrained in a very narrow range of variation,
any change of power of the optimised stage is due to the reduced flow losses only.

Flow computations are made with the help of computer code FlowER [8] and
ANSYS CFD [9] where turbulent flow of compressible viscous gas is described by 3D
RANS equations. Turbulence effects are modeled using the k-ω SST (shear stress
transport) model [10]. Discretisation of governing equations is made by the finite
volume method. A second-order upwind based scheme is selected for numerical
solution. The calculations converge to a steady state. A mixing plane approach is
used to treat the relative motion of the stator and rotor, based on circumferential
averaging of flow parameters in the axial gaps between the blade rows. The assumed
boundary conditions are typical for turbomachinery calculations, including no slip
and zero heat flux at the walls, as well as spatial periodicity at the borders of the flow
channel. The pressure drop across the stage (stage group) is imposed. Therefore,
for a given flow geometry, the mass flow rate is resultant.

The calculations are carried out in one blade-to-blade passage of the stator
and rotor refined near the endwalls, blade walls (y+ = 1-2), leading and trailing
edges. Due to large costs of RANS computations, coarse grids are used in the
course of optimisation. After optimisation, the original and optimised geometries
are recalculated on refined grids.

The following parameters of blade shape can be considered during the optimi-
sation for each blade row:

– blade height, blade number and stagger angle,

– a number of blade profile parameters, or alternatively a number of camber line
and blade thickness parameters (at different blade sections),

– a number of endwall contour parameters,

– a number of 3D blade stacking line parameters.
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In this paper, parametrisation of the blade profile, camber line or endwall con-
tour is made using a set of circle arcs or Bezier functions. The idea of blade profile
description by means of circle arcs is well-known. Several groups of stator and rotor
profiles, such as N1-N3, PLK and R1-R3 profiles are built based on the set of 3
to 7 circle arcs on the pressure and suction surface of the profile, [11]. Each arc
is determined by its circle centre coordinates and radius. Subsequent arcs remain
tangent to each other. The pressure and suction surface are linked by two more
circle arcs which form the leading and trailing edge of the profile.

Also, approximation of blade profiles by means of Bezier functions for optimi-
sation is popular among turbomachinery society [2, 3]. In this work, a special form
of Bezier functions, that is a rational Bezier function is used [12]. The shape of
a Bezier curve is affected by its control points and their weights. For a 3-rd order
Bezier function (n = 3) each curve is defined by 4 control points – 2 end points
and 2 internal points, 4-th order Bezier curve has 5 control points. A weight is
prescribed to each control point. Subsequent Bezier curves are assumed tangent to
each other to make the pressure and suction surface of the profile smooth. During
optimisation, the shape of the profile is varied by varying Bezier curves and their
parameters.

3. Hybrid stochastic-deterministic optimisation methods

Typical deterministic methods of optimisation such as the direct search method
of Hooke-Jeeves [13] and the simplex method of Nelder-Mead [14] are effective for
objective functions having a single extremum. However, they may not be effective
in case of multimodal functions having a number of extrema as they tend to reduce
the range of search and hold on to a local extremum. Stochastic methods such
as genetic algorithms [15], simulated annealing [16], swarm intelligence [17] or bat
algorithm [18] are very reliable in finding global extrema of multimodal functions.
Unfortunately, the stochastic methods have a low rate of convergence in the vicin-
ity of the extremum, which largely increases computational costs of optimisation.
A solution may be the application of hybrid stochastic-deterministic schemes [19,
20].

Simulated annealing Hooke-Jeeves method:

This hybrid scheme is a modification of the Hooke-Jeeves method, which includes
elements of classical simulated annealing. Similar to the original Hooke-Jeeves
scheme, two stages of calculations can be distinguished: trial and working stage.

In the trial stage, the vicinity of a base point is searched along all directions
of the ortogonal coordinate system. If the trial stage is successful, in the working
step the old base point is moved to a new base point. If not, the Metropolis test is
performed. A random number r is generated from the interval [0,1] and compared
against p = exp(-δf/T ), where δf is a local increase of the objective function, T is
the control parameter called temperature. If r<p then the best point obtained in
the trial step is accepted as a new base point. The random factor thus introduced
enables the algorithm to go beyond the local extremum.

The entry data for this hybrid algorithm are:

n – number of parameters (dimension of the objective function),

x 0 – starting point,
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τ – initial step length,

α = 0.8 – step reduction coefficient,

T – temperature,

ϵ – termination criterion.

Bat algorithm with a simplex:

This hybrid method starts with a bat algorithm so as to approach the vicinity of the
global extremum. The stochastic algorithm evolves from echolocation behaviour of
bats, while finding their prey. The search is made by varying pulse rate and loudness
of emission and intensified by random walk. Typical entry data for the bat algorithm
are:

n – number of parameters (dimension of the objective function),

x i,min, x i,max – lower and upper boundaries of the search region,

Ngen – generation number,

Npop – population,

A – loudness,

r – pulse rate,

Q – scale factor,

RanGen – model of random number generator,

M – maximum number of iterations.

After a prescribed number of iterations, the best point is selected and an initial
simplex for the Nelder-Mead method is built around it. Typical entry data for the
Nelder-Mead method are:

n – number of dimensions,

x(0), Lsimp– initial point and width of the regular simplex,

α, γ, β, σ - reflection, expansion, contraction and reduction coefficient,

ε - termination criterion.

Typical test cases for testing optimisation schemes are the chained Rosenbrock
(banana-valley) function or multimodal trigonometric function [21]. The effective-
ness of some hybrid stochastic-deterministic methods of optimisation was illustrated
in [3].

4. Optimisation of blade profiles in a low-load HP turbine stage

The HP turbine stage selected for optimisation comes from a 200 MW steam turbine
and operates at a pressure drop from 42 to 38 bar (pressure ratio pex/pin = 0.9)
and at a mass flow rate 57 kg/s. This low reaction stage consists of a stator and
rotor with cylindrical (straight) blades and PLK / R2 profiles. The stator and rotor
profiles are described by a set of circle arcs. 12 free parameters of profile arcs plus
two stagger angles of the stator and rotor blade were selected for optimisation. The
objective function was the enthalpy loss including the exit energy. The penalty was
imposed on the changes of mass flow rate larger than ±0.5%, as compared to the
original operating flow rate.

The optimisation was conducted using the simulated annealing Hooke-Jeeves
method. The shape of the original and modified (optimised) profiles is illustrated in
Fig. 1. Changes of shape of the stator blade are relatively small, slightly increasing
the profile camber, thus increasing the flow turning within the cascade. Changes in
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the rotor are more visible. The rotor profile becomes thicker. The stagger angles of
the stator and rotor blades did not change.

Figure 1 Original and modified geometry of the stator (left) and rotor blades (right)

Figure 2 Total pressure contours downstream of the stator (top) and rotor (bottom): original
geometry (left), modified geometry (right)
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As a result of optimisation the objective function was decreased by 0.8% point. The
obtained efficiency gains can be explained using field contours and loss distributions
in the stator and rotor [22]. Total pressure contours shown in Fig. 2 indicate
a better expansion in the cascades and a reduction in the intensity of endwall flows,
especially in the optimised rotor cascade, whose blades become more aft-loaded.
The calculated stage losses are decreased both without the exit energy and with the
exit energy (by 0.8% point from 10.4% down to 9.6%). Optimisation of the profile
shape leads to the improvements both in 2D and 3D flow through the turbine
cascades.

5. 3D optimisation of a radial-axial turbine rotor

The optimised radial-axial turbine rotor comes from a single stage small power
(50 kWe) ORC turbine operating on silica oil MM. ORC technology is especially
suitable for cogeneration based on biomass and recovery heat [23-25]. The turbine
was designed using a 0D approach in Matlab 2016a environment [26]. Thermody-
namic properties of MM were found from NIST REFPROP library [27]. The flow
efficiency of the turbine was estimated at 87.9% (not including tip leakage losses).
Design parameters of this turbine are given in Tab. 1. The turbine consists of 16
nozzles and 15 rotor blades. A meridional section of the flow channel is displayed
in Fig. 3 whereas a 3D turbine model is shown in Fig. 4.

Table 1 Design parameters of the radial-axial turbine operating on silica oil MM

Parameter Value
Rotational velocity [rpm] 28000
Inlet pressure [kPa] 1109
Inlet temperature [K] 448
Outlet pressure [kPa] 20
Mass flow rate [kg/s] 0.68
Power [kW] 50

Parametrisation of 3D geometry of this radial-axial turbine consists in determi-
nation of the blade angle along the profile camber line and determination of endwall
contours at the hub and tip by means of 4-th order Bezier curves with 5 control
points, Fig. 5. The blade angle distribution was given from the leading to the
trailing edge at three spanwise locations. The endwall contours were assumed ax-
isymmetrical. 35 parameters of blade angle distribution and endwall contours were
varied during optimisation. The total-to-static efficiency (η = 1-ξ) was assumed as
an objective function. Turbine design parameters such as mass flow rate and power
were constrained in a very narrow range of variation.

The comparison of the optimized and original geometry is illustrated in Fig. 6.
The optimized geometry has a bowed blade, which is especially clear at the trading
edge. The rotor blade also has an increased height at the trailing edge. The total-to-
static efficiency was increased from 87.9% to 89.6%, that is by 1.7 % point. Turbine
design parameters such as mass flow rate and power were found not to change.
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Figure 3 Meridional section of the radial-axial turbine flow domain

Figure 4 Radial-axial turbine
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Figure 5 Bezier curves for sample blade angle distribution of along the camber line (left), lower
and upper endwall in meridional view (right) [28]

Figure 6 3D model of the original (left) and optimised (right) rotor

Figure 7 Comparison of total pressure contours behind the original (left) and optimized (right)
rotor
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The comparison of total pressure contours downstream of the trailing edge of the
original and optimized rotor blade presented in Fig. 7 shows a significant redistri-
bution of total pressure losses in the flow channel resulting in decreased loss at the
suction side of the optimised rotor blade and in the central part of the channel due
to a considerable reduction of blade and secondary flow vortices. On the other hand,
losses at the pressure surface of the optimized rotor are increased. The comparison
of streamlines illustrated in Fig. 8 shows an improvement in flow pattern at the
suction side of the optimized rotor, which confirms the decreased loss regions at the
suction surface observed in the earlier figure.

Figure 8 Comparison of streamlines in the original (left) and optimised (right) rotor

6. Conclusions

The paper describes the idea of direct constrained optimisation of flow systems in
the turbomachinery environment. The final shape of the blading is obtained from
minimising the objective function, which is the total enthalpy loss of the turbine
stage found from 3D RANS computations. There are constraints imposed on the
mass flow rate, exit swirl angle and reactions as well as on changes of stresses in
the metal. The optimisation is carried out using hybrid stochastic-deterministic
methods such as a combination of a direct search method of Hooke-Jeeves and
simulated annealing or a combination of a bat algorithm and simplex method of
Nelder-Mead. Among free shape parameters were blade number and stagger angle,
blade profile parameters and endwall contour parameters.

Two practical examples of turbine flow optimisation were presented in the paper.
First, low load profiles PLK-R2 for an HP stage of a 200 MW steam turbine were
optimised. Almost 1% efficiency increase was obtained from optimisation of HP
blade profiles, especially by making the rotor blade more aft-loaded and reducing
the intensity of endwall flows. An ORC radial-axial cogeneration turbine of 50 kWe
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was also optimised. Almost 2% efficiency rise was obtained for the optimised turbine
due to flow improvement at the suction side of the blade and reduction of blade and
secondary flow vortices.
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